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On the power mean of a sum analogous to the Kloosterman
sum
Shane Chern
Abstract. In this paper, we study the power mean of a sum analogous to the Kloosterman
sum by using analytic methods for character sums.
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1. Introduction
Throughout this paper, let p be an odd prime. Let χ0 be the principal Dirichlet
character mod p. We occasionally use χL(n) to denote the Legendre symbol (n|p)
mod p. Let a ∈ F×p , we write a the multiplicative inverse of a in F×p (i.e. aa ≡
1 mod p). We also write 0 = 0 for notational convenience. Finally, we denote
e(y) := e2piiy.
The Gauss sum associated with a Dirichlet character χ is defined by
G(n, χ) :=
p∑
a=1
χ(a)e
(
na
p
)
.
We will frequently use the following classical property of G(n, χ) in the sequel:
p∑
a=1
χ(a)e
(
na
p
)
= χ(n)
p∑
a=1
χ(a)e
(
a
p
)
, (1.1)
except for the case χ = χ0 and n ≡ 0 mod p holding simultaneously. We also use
the conventional notation τ(χ) := G(1, χ). The interested readers may refer to
Apostol’s book [1] for details.
Among various character sums, the generalized Kloosterman sum K(m,n, χ; p),
which is defined as follows, was intensively studied by many authors (see [3, 4, 5,
7, 8, 9])
K(m,n, χ; p) :=
p∑
a=1
χ(a)e
(
ma+ na
p
)
.
For example, Zhang [9] proved the fourth power mean formula of K(m,n, χ; p) for
n coprime to p
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(a)e
(
ma+ na
p
)∣∣∣∣∣
4
=


2p3 − 3p2 − 3p− 1 if χ = χ0 mod p,
3p3 − 8p2 if χ = χL mod p,
p2(2p− 7) otherwise.
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In a recent paper, Lv and Zhang [6] considered a new sum, which can be regarded
as a companion of the Kloosterman sum. The sum is defined by
H(m,n, k, χ; p) :=
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)
.
They also obtained a computational formula for the following hybrid power mean
∑
χ mod p
∣∣∣∣∣
p−1∑
a=1
χ(a)e
(
ma2
p
)∣∣∣∣∣
2 ∣∣∣∣∣
p−1∑
b=1
χ(b+ b)e
(
nb
p
)∣∣∣∣∣
2
for m coprime to p.
In this paper, we shall have a further investigation on H(m,n, k, χ; p).
Theorem 1.1. Let p be an odd prime. Let n and k be integers coprime to p. We
have
∑
χ mod p
∣∣∣∣∣∣
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= (p−1)(p4−7p3+17p2−5p−25). (1.2)
In fact, our ultimate goal is to find the fourth power mean of H(m,n, k, χ; p).
Theorem 1.2. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
We have
∑
χ mod p
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
4
= (p− 1)
(
p2 − 10p+ 37 + p T (p)− TL(p)
)
,
(1.3)
where T (p) and TL(p) are defined by
T (p) =
p−1∑
u=1
p−1∑
a=1
p−1∑
b=1
(a−1)2(ua−1)(ub−1)≡(b−1)2(ub−1)(ua−1) mod p
χ0((a− 1)2(ua− 1)(ub− 1))
and
TL(p) =
p−1∑
u=1
(
p−1∑
a=1
(
(ua− 1)(ua− 1)
p
))2
.
However, we remark that T (p) and TL(p) seem to have no closed forms, at least
numerically. On the other hand, we still can obtain an equivalent expression of
T (p) that involves merely the Legendre symbol mod p.
Theorem 1.3. Let p > 3 be an odd prime. We have
T (p) = (p− 5)(2p− 5)−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
, (1.4)
where
∆(a, b) =
(
1− a2b2)2 + 4ab(a+ b− 2)(a+ b− 2ab).
Finally, it is worth mentioning that when proving Theorem 1.2, we obtain a
curious character sum identity, which has its independent interest.
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Theorem 1.4. Let p > 3 be an odd prime. We have
∑
ψ mod p
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
= (p−1)(p3−8p2+29p−53). (1.5)
2. Proof of Theorem 1.1
To prove Theorem 1.1, it suffices to compute the value of
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
(2.1)
for each character χ mod p. Note that the value of (2.1) remains the same for any
choices of n and k provided that they are coprime to p.
We now show
Theorem 2.1. Let p be an odd prime. Let n and k be integers coprime to p. We
have
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
{
2p− 5 if χ = χ0,
p(p− 3− χ(−1)) otherwise. (2.2)
Proof. If χ = χ0, we have
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ0(ma− a)e
(
a
p
)∣∣∣∣∣
2
.
Note that ma− a ≡ 0 (mod p) is equivalent to a2 ≡ m (mod p) for a ∈ F×p . Hence
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ0(ma− a)e
(
a
p
)∣∣∣∣∣
2
=
p−1∑
m=1
(mp )=−1
∣∣∣∣∣
p−1∑
a=1
e
(
a
p
)∣∣∣∣∣
2
+
p−1∑
m=1
(mp )=1
∣∣∣∣∣∣∣∣
p−1∑
a=1
a2 6≡m mod p
e
(
a
p
)∣∣∣∣∣∣∣∣
2
=
p− 1
2
+
p−1∑
m=1
(mp )=1
∣∣∣∣∣∣∣∣
p−1∑
a=1
a2 6≡m mod p
e
(
a
p
)∣∣∣∣∣∣∣∣
2
=
p− 1
2
+
p−1∑
m=1
(mp )=1
∣∣∣∣−1− e
(
m0
p
)
− e
(−m0
p
)∣∣∣∣
2
(where m20 ≡ m mod p)
=
p− 1
2
+
1
2
p−1∑
m0=1
∣∣∣∣−1− e
(
m0
p
)
− e
(−m0
p
)∣∣∣∣
2
=
p− 1
2
+
1
2
p−1∑
m0=1
(
3 + 2e
(
m0
p
)
+ 2e
(−m0
p
)
+ e
(
2m0
p
)
+ e
(−2m0
p
))
= 2p− 5.
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If χ is non-principal, we have
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
p−1∑
m=0
∣∣∣∣∣
p−1∑
a=1
χ(ma+ a)e
(
a
p
)∣∣∣∣∣
2
−
∣∣∣∣∣
p−1∑
a=1
χ(a)e
(
a
p
)∣∣∣∣∣
2
=
p−1∑
m=0
∣∣∣∣∣
p−1∑
a=1
χ(ma+ a)e
(
a
p
)∣∣∣∣∣
2
− p,
since |τ(χ)| = √p. With the help of (1.1), we have
p−1∑
m=0
∣∣∣∣∣
p−1∑
a=1
χ(ma+ a)e
(
a
p
)∣∣∣∣∣
2
=
p−1∑
m=0
∣∣∣∣∣
p−1∑
a=1
1
τ(χ)
p−1∑
u=1
χ(u)e
(
u(ma+ a)
p
)
e
(
a
p
)∣∣∣∣∣
2
=
1
p
p−1∑
u=1
p−1∑
v=1
χ(uv)
p−1∑
a=1
p−1∑
b=1
p−1∑
m=0
e
(
m(ua− vb) + (a− b+ ua− vb)
p
)
=
p−1∑
u=1
p−1∑
v=1
χ(uv)
p−1∑
a=1
p−1∑
b=1
ua≡vb mod p
e
(
a− b+ ua− vb
p
)
=
p−1∑
u=1
p−1∑
v=1
χ(uv)
p−1∑
a=1
e
(
a− uva+ ua− uv2a
p
)
=
p−1∑
u=1
p−1∑
v=1
χ(u)
p−1∑
a=1
e
(
a− ua+ uva− uva
p
)
=
p−1∑
u=1
χ(u)
p−1∑
a=1
e
(
a− ua
p
) p−1∑
v=1
e
(
v(ua− ua)
p
)
= (p− 1)
∑
u=±1
χ(u)
p−1∑
a=1
e
(
a− ua
p
)
−
p−2∑
u=2
χ(u)
p−1∑
a=1
e
(
a(1− u)
p
)
= (p− 1)2 − χ(−1)(p− 1) +
p−2∑
u=2
χ(u)
= (p− 1)2 − χ(−1)(p− 1)− (1 + χ(−1))
= p(p− 2− χ(−1)).
This implies
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
= p(p− 2− χ(−1))− p = p(p− 3− χ(−1)),
as desired. 
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From Theorem 2.1, it follows that
∑
χ mod p
∣∣∣∣∣∣
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= (2p− 5)2 + p− 3
2
(p(p− 4))2 + p− 1
2
(p(p− 2))2
= (p− 1)(p4 − 7p3 + 17p2 − 5p− 25).
3. Proofs of Theorems 1.3 and 1.4
In this section, we first prove Theorem 1.4. Given an arbitray N ∈ F×p , we define
S(N) =
{
(u, a) ∈ F×p × (F×p − {1}) :
u 6≡ a, a and (ua− 1)(ua− 1)(a− 1)2 ≡ N
}
.
In the next Lemma, we characterize each S(N).
Lemma 3.1. Let
S∗(N) =
{
(u, a) ∈ F×p × (F×p − {±1}) :
u ≡ ((a− 1)2 −N) ((a− 1)2a− aN)
with (a− 1)2 6≡ N, (a− 1)2 6≡ N
}
.
Then S(N) = S∗(N) for N 6≡ 4 and
S(4) = S∗(4) ∪ {(u,−1) : u ∈ F×p − {−1}} .
Proof. Case 1 : a ≡ −1. We have
(ua− 1)(ua− 1)(a− 1)2 ≡ 4(−u− 1)(−u− 1) ≡
{
4 if u 6≡ −1,
0 if u ≡ −1.
Hence {
(u,−1) : u ∈ F×p − {−1}
} ⊆ S(4).
Case 2 : a 6≡ −1. Note that
(ua− 1)(ua− 1)(a− 1)2 ≡ N
is equivalent to (
(a− 1)2a− aN)u ≡ (a− 1)2 −N. (3.1)
I claim that (3.1) has at most one solution u in F×p for each fixed a. Otherwise,
we have two simultaneous congruences{
(a− 1)2a− aN ≡ 0,
(a− 1)2 −N ≡ 0.
It follows that a ≡ ±1, which is a contradiction.
I also claim that u ≡ a or a cannot be a solution to (3.1). If u ≡ a is a solution,
then
(a− 1)2 − a2N ≡ (a− 1)2 −N,
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implying that a ≡ ±1. A contradiction. Similarly, if u ≡ a is a solution, then
(a− 1)2 −N ≡ (a− 1)2 −N.
We also obtain a ≡ ±1, which contradicts our assumption.
Hence ((
(a− 1)2 −N) ((a− 1)2a− aN), a) ∈ S(N)
provided a ∈ F×p − {±1}, (a− 1)2 6≡ N and (a− 1)2 6≡ N . 
As a direct consequence of Lemma 3.1, we have
Corollary 3.2. We have
|S(N)| =


p− 5 if N = 1,
2p− 7 if N = 4,
p− 7 if
(
N
p
)
= 1 and N 6= 1, 4,
p− 3 if
(
N
p
)
= −1.
Finally, it follows that
∑
ψ mod p
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
= (p− 1)
p−1∑
u=1
p−1∑
v=1
p−1∑
a=1
p−1∑
b=1
(ua−1)(ua−1)(a−1)2≡(vb−1)(vb−1)(b−1)2
χ0
(
(ua− 1)(ua− 1)(a− 1)2
)
= (p− 1)
p−1∑
N=1
p−1∑
u=1
p−1∑
v=1
p−1∑
a=1
p−1∑
b=1
(u,a),(v,b)∈S(N)
1
= (p− 1)
p−1∑
N=1
|S(N)|2
= (p− 1)
(
(p− 5)2 + (2p− 7)2 + p− 5
2
(p− 7)2 + p− 1
2
(p− 3)2
)
= (p− 1)(p3 − 8p2 + 29p− 53).
We therefore complete the proof of Theorem 1.4.
We next prove Theorem 1.3. Define
U =
{
(u, a, b) ∈ F×p × F×p × F×p :
(ua− 1)(ub− 1)(b − 1)2 ≡ (ub− 1)(ua− 1)(a− 1)2
}
and
U0 =
{
(u, a, b) ∈ F×p × F×p × F×p :
(ua− 1)(ub− 1)(b − 1)2 ≡ (ub− 1)(ua− 1)(a− 1)2 ≡ 0
}
.
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One readily sees that
T (p) =
p−1∑
u=1
p−1∑
a=1
p−1∑
b=1
(a−1)2(ua−1)(ub−1)≡(b−1)2(ub−1)(ua−1) mod p
χ0((a− 1)2(ua− 1)(ub− 1))
equals |U| − |U0|.
We first characterize U0. In fact, given any (u, a, b) ∈ U0, it is of one of the
following forms
(1, 1, n), (n, 1, n), (n, 1, 1),
(1, n, 1), (n, n, 1), (−1,−1, n),
(−1, n,−1), (n, n, n), (n, n, n).
Hence we deduce
|U0| = 9(p− 3) + 7 = 9p− 20.
To compute |U|, we notice that (u, a, a) belongs to U for any u and a in F×p .
This case contributes (p − 1)2 elements in U . Hence it suffices to count elements
(u, a, b) ∈ U with a 6≡ b. In this case
(ua− 1)(ub− 1)(b− 1)2 ≡ (ub− 1)(ua− 1)(a− 1)2
is equivalent to
(a+ b− 2ab)u2 − (1 + ab)(1− ab)u+ ab(2− a− b) ≡ 0. (3.2)
Now for fixed a and b in F×p , we denote by Sol(a, b) the set of solutions u ∈ Fp
to (3.2). Then
|{(u, a, b) ∈ U : a 6≡ b}|
=
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
|Sol(a, b)| − ∣∣{(a, b) ∈ F×p × F×p : a 6≡ b, 0 ∈ Sol(a, b)}∣∣ .
If 0 ∈ Sol(a, b), then a+ b ≡ 2. The assumptions a, b ∈ F×p and a 6≡ b imply that
a 6≡ 0, 1, 2. Hence∣∣{(a, b) ∈ F×p × F×p : a 6≡ b, 0 ∈ Sol(a, b)}∣∣ = p− 3.
Now we compute
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
|Sol(a, b)| .
If (3.2) is a quadratic congruence of u, we have a + b − 2ab 6≡ 0. This case
contributes
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
1 +
(
∆(a, b)
p
))
=
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
1 +
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
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= 2(p− 2) + (p− 3)2 +
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
= p2 − 4p+ 5 +
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
,
where ∆(a, b) = ((1 + ab)(1− ab))2 − 4(a+ b− 2ab)ab(2− a− b).
If (3.2) is not a quadratic congruence of u, we have a+ b− 2ab ≡ 0, i.e.
(a, b) ≡
(
a, a(2a− 1)
)
provided a 6≡ 2. In this case, I claim that (3.2) has at most one solution u ∈ Fp for
fixed a and b. Otherwise, we have

a+ b− 2ab ≡ 0
(1 + ab)(1− ab) ≡ 0
ab(2− a− b) ≡ 0
holding simultaneously. This implies that (a, b) ≡ (1, 1), violating the assumption
a 6≡ b. I also claim that (3.2) has a solution only if a 6≡ 0, 1, 2 and (a + 1)2 6≡ 2.
Here a 6≡ 0, 1 comes from the assumptions a ∈ F×p and a 6≡ b. Note also that
a+b−2ab ≡ 0 implies a 6≡ 2. Finally, we obtain (a+1)2 6≡ 2 from (1+ab)(1−ab) 6≡ 0.
Note that (a + 1)2 ≡ 2 has either two distinct solutions or no solutions in F×p .
Furthermore, 0, 1 and 2 are not solutions to (a+1)2 ≡ 2. Hence this case contributes
p− 4−
(
2
p
)
.
Hence
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
|Sol(a, b)| = p− 4−
(
2
p
)
+ p2 − 4p+ 5 +
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
= p2 − 3p+ 1−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
.
We therefore have
|U| = (p− 1)2 + p2 − 3p+ 1−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
− (p− 3)
= 2p2 − 6p+ 5−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
.
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Finally, we have
T (p) = |U| − |U0|
= 2p2 − 6p+ 5−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
− (9p− 20)
= (p− 5)(2p− 5)−
(
2
p
)
+
p−1∑
a=1
p−1∑
b=1
a 6≡b mod p
a+b−2ab6≡0 mod p
(
∆(a, b)
p
)
.
This ends the proof of Theorem 1.3.
4. Proof of Theorem 1.2
We now finish the proof of the fourth power mean of H(m,n, k, χ; p). Note that
(p− 1)
∑
χ mod p
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
4
=
∑
χ mod p
∑
ψ mod p
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
=
∑
χ mod p
∣∣∣∣∣∣
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
+
∑
χ mod p
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
. (4.1)
Here the first sum in the last identity is obtained by Theorem 1.1. Hence it suffices
to compute the second sum. We seperate the second sum into two parts
∑
χ mod p
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
=
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
+
∑
χ mod p
χ6=χ0
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
. (4.2)
We next prove the following result.
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Lemma 4.1. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
Let ψ be a non-principal character mod p. We have
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
= ψ(−nk2)×
{
p− 4 if ψ = χL,
τ
(
ψ
2
)
(2 + ψ(4)) if ψ non-real.
(4.3)
Proof. Similar to the first part of the proof of Theorem 1.1, we have
1
ψ(−nk2)
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma− a)e
(
a
p
)∣∣∣∣∣
2
=
p−1∑
m=1
(mp )=−1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
e
(
a
p
)∣∣∣∣∣
2
+
p−1∑
m=1
(mp )=1
ψ(m)
∣∣∣∣∣∣∣∣
p−1∑
a=1
a2 6≡m mod p
e
(
a
p
)∣∣∣∣∣∣∣∣
2
=
p−1∑
m=1
(mp )=−1
ψ(m) +
p−1∑
m=1
(mp )=1
ψ(m)
∣∣∣∣∣∣∣∣
p−1∑
a=1
a2 6≡m mod p
e
(
a
p
)∣∣∣∣∣∣∣∣
2
=
p−1∑
m=1
(mp )=−1
ψ(m) +
p−1∑
m=1
(mp )=1
ψ(m)
∣∣∣∣−1− e
(
m0
p
)
− e
(−m0
p
)∣∣∣∣
2
(where m20 ≡ m mod p)
=
p−1∑
m=1
1−
(
m
p
)
2
ψ(m)
+
1
2
p−1∑
m0=1
ψ
2
(m0)
(
3 + 2e
(
m0
p
)
+ 2e
(−m0
p
)
+ e
(
2m0
p
)
+ e
(−2m0
p
))
=
{
p− 4 if ψ = χL,
τ
(
ψ
2
)
(2 + ψ(4)) if ψ non-real.

Corollary 4.2. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
We have
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= 6p2 − 31p+ 16. (4.4)
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Proof. By Lemma 4.1, we have
∑
ψ mod p
ψ 6=χ0
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ0(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= (p− 4)2 + p
∑
ψ 6=χ0,χL
|2 + ψ(4)|2
= (p− 4)2 + p
∑
ψ 6=χ0,χL
(
5 + 2
(
ψ(4) + ψ(4)
))
= (p− 4)2 + 5p(p− 3)− 8p
= 6p2 − 31p+ 16.

We also require
Lemma 4.3. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
Let χ and ψ be non-principal characters mod p. We have
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
ψ(nk2)τ(ψ)τ(ψ)
p
×


−(p− 1)−∑p−1u=1 χ(u)∑p−1a=2 ( (ua−1)(ua−1)p ) if ψ = χL,
τ
(
ψ
2
)∑p−1
u=1 χ(u)
∑p−1
a=1 ψ(ua− 1)ψ(ua− 1)ψ2(a− 1) if ψ non-real.
(4.5)
Proof. It follows by (1.1) that
1
ψ(nk2)
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ a)e
(
a
p
)∣∣∣∣∣
2
=
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
1
τ(χ)
p−1∑
u=1
χ(u)e
(
u(ma+ a)
p
)
e
(
a
p
)∣∣∣∣∣
2
=
1
p
p−1∑
u=1
p−1∑
v=1
χ(uv)
p−1∑
a=1
p−1∑
b=1
e
(
a− b + ua− vb
p
) p−1∑
m=1
ψ(m)e
(
m(ua− vb)
p
)
=
τ(ψ)
p
p−1∑
u=1
p−1∑
v=1
χ(uv)
p−1∑
a=1
p−1∑
b=1
ψ(ua− vb)e
(
a− b+ ua− vb
p
)
=
τ(ψ)
p
p−1∑
u=1
p−1∑
v=1
χ(u)
p−1∑
a=1
p−1∑
b=1
ψ(v)ψ(ua− b)e
(
a− b+ v(ua− b)
p
)
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=
τ(ψ)
p
p−1∑
u=1
χ(u)
p−1∑
a=1
p−1∑
b=1
ψ(ua− b)e
(
a− b
p
) p−1∑
v=1
ψ(v)e
(
v(ua− b)
p
)
=
τ(ψ)τ(ψ)
p
p−1∑
u=1
χ(u)
p−1∑
a=1
p−1∑
b=1
ψ(ua− b)ψ(ua− b)e
(
a− b
p
)
=
τ(ψ)τ(ψ)
p
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)
p−1∑
b=1
ψ
2
(b)e
(
b(a− 1)
p
)
.
If ψ non-real, then ψ
2
is non-principal, and hence
1
ψ(nk2)
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
τ(ψ)τ(ψ)τ
(
ψ
2
)
p
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1).
If ψ is the Legendre symbol mod p, then ψ
2
is principal, and hence
1
ψ(nk2)
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
=
τ2(χL)
p
p−1∑
u=1
χ(u)
p−1∑
a=1
(
(ua− 1)(ua− 1)
p
) p−1∑
b=1
e
(
b(a− 1)
p
)
=
τ2(χL)
p
(
(p− 1)
p−1∑
u=1
χ(u)
(
(u− 1)2
p
)
−
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
))
=
τ2(χL)
p
(
−(p− 1)−
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
))
.

Before stating two corollaries of Lemma 4.3, I claim two useful sums of the
Legendre symbol.
Lemma 4.4. Let p be an odd prime. We have
p−1∑
a=1
(
(a− 1)(a− 1)
p
)
= −
(−1
p
)
(4.6)
and
p−1∑
u=1
p−1∑
a=1
(
(ua− 1)(ua− 1)
p
)
= 2. (4.7)
Proof. To prove (4.6), we have
p−1∑
a=1
(
(a− 1)(a− 1)
p
)
=
p−1∑
a=1
(−a(a− 1)2
p
)
=
p−1∑
a=2
(−a
p
)
= −
(−1
p
)
.
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To prove (4.7), we recall the following classical result on the sum of Legendre
symbol of quadratic polynomials (cf. [2, Theorem 2.1.2])
p−1∑
a=0
(
a2 +ma+ n
p
)
=
{
−1 if p ∤ m2 − 4n,
p− 1 if p | m2 − 4n.
Hence
p−1∑
u=1
p−1∑
a=1
(
(ua− 1)(ua− 1)
p
)
=
∑
a=±1
p−1∑
u=0
(
u2 − (a+ a)u+ 1
p
)
+
p−2∑
a=2
p−1∑
u=0
(
u2 − (a+ a)u+ 1
p
)
− (p− 1)
= 2(p− 1)− (p− 3)− (p− 1) = 2.

Now we show
Corollary 4.5. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
We have
∑
χ mod p
χ6=χ0
∣∣∣∣∣∣
p−1∑
m=1
(
m
p
) ∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= (p3 − 2p2 − 4p− 4)− 2p(p− 1)
(−1
p
)
+ (p− 1)TL(p), (4.8)
where TL(p) is defined in Theorem 1.2.
Proof. It follows by Lemma 4.3 that
∑
χ mod p
χ6=χ0
∣∣∣∣∣∣
p−1∑
m=1
(
m
p
) ∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
=
∑
χ6=χ0
∣∣∣∣∣−(p− 1)−
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
=
∑
χ6=χ0
(
(p− 1)2 + (p− 1)
p−1∑
u=1
(χ(u) + χ(u))
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)
+
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2)
.
With the help of Lemma 4.4, we derive
(p− 1)
∑
χ6=χ0
p−1∑
u=1
(χ(u) + χ(u))
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)
= 2(p− 1)
p−1∑
u=1
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
) ∑
χ6=χ0
χ(u)
14 S. Chern
= 2(p− 1)(p− 2)
p−1∑
a=2
(
(a− 1)(a− 1)
p
)
− 2(p− 1)
p−1∑
u=2
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)
= 2(p− 1)(p− 2)
(
−
(−1
p
))
− 2(p− 1)
(
−p+ 4 +
(−1
p
))
= 2(p− 1)
(
p− 4−
(−1
p
)
(p− 1)
)
.
On the other hand, we have
∑
χ6=χ0
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
=
∑
χ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
−
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
=

p−1∑
u=1
p−1∑
v=1
p−1∑
a=2
p−1∑
b=2
(
(ua− 1)(ua− 1)(vb − 1)(vb− 1)
p
) ∑
χ mod p
χ(uv)

 − (p− 4)2
= (p− 1)
(
p−1∑
u=1
p−1∑
a=2
p−1∑
b=2
(
(ua− 1)(ua− 1)(ub− 1)(ub− 1)
p
))
− (p− 4)2
= (p− 1)
(
p−1∑
u=1
p−1∑
a=1
p−1∑
b=1
(
(ua− 1)(ua− 1)(ub− 1)(ub− 1)
p
)
− 2
p−1∑
u=1
p−1∑
a=1
(
(u− 1)2(ua− 1)(ua− 1)
p
)
+
p−1∑
u=1
(
(u− 1)4
p
))
− (p− 4)2
= (p− 1)
(
TL(p)− 2
(
2 +
(−1
p
))
+ (p− 2)
)
− (p− 4)2.
Altogether, we arrive at
∑
χ mod p
χ6=χ0
∣∣∣∣∣∣
p−1∑
m=1
(
m
p
) ∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= (p− 1)2(p− 2) + 2(p− 1)
(
p− 4−
(−1
p
)
(p− 1)
)
+ (p− 1)
(
TL(p)− 2
(
2 +
(−1
p
))
+ (p− 2)
)
− (p− 4)2
= (p3 − 2p2 − 4p− 4)− 2p(p− 1)
(−1
p
)
+ (p− 1)TL(p).

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Corollary 4.6. Let p > 3 be an odd prime. Let n and k be integers coprime to p.
We have
∑
χ mod p
χ6=χ0
∑
ψ mod p
ψ 6=χ0,χL
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= −p(p4 − 9p3 + 37p2 − 76p+ 29) + 2p(p− 1)
(−1
p
)
− p(p− 1)TL(p) + p(p− 1)2 T (p), (4.9)
where T (p) and TL(p) are defined in Theorem 1.2.
Proof. Again, we use Lemma 4.3 to get
∑
χ mod p
χ6=χ0
∑
ψ mod p
ψ 6=χ0,χL
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= p
∑
χ6=χ0
∑
ψ 6=χ0,χL
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
= p
∑
χ mod p
∑
ψ 6=χ0,χL
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
− p
∑
ψ 6=χ0,χL
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
.
Note that
∑
ψ 6=χ0,χL
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
=
∑
ψ mod p
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
−
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=2
χ0(ua− 1)χ0(ua− 1)
∣∣∣∣∣
2
−
∣∣∣∣∣
p−1∑
u=1
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
= (p− 1)(p3 − 8p2 + 29p− 53)− (p− 2 + p− 3 + (p− 3)(p− 4))2 − (p− 4)2
= p3 − 3p2 − 4p− 12,
which is deduced by Theorem 1.4 and Lemma 4.4.
On the other hand,
∑
χ mod p
∑
ψ 6=χ0,χL
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
=
∑
χ mod p
∑
ψ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
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−
∑
χ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
χ0(ua− 1)χ0(ua− 1)
∣∣∣∣∣
2
−
∑
χ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
.
We have
∑
χ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
χ0(ua− 1)χ0(ua− 1)
∣∣∣∣∣
2
=
∑
χ mod p
∣∣∣∣∣(p− 2) + (p− 3)χ(−1) + (p− 4)
p−2∑
u=2
χ(u)
∣∣∣∣∣
2
=
∑
χ mod p
(
(p− 2) + (p− 3)χ(−1)
)2
+ (p− 4)2
∑
χ mod p
p−2∑
u=2
p−2∑
v=2
χ(uv)
+ (p− 4)
∑
χ mod p
(
(p− 2) + (p− 3)χ(−1)
) p−2∑
u=2
(
χ(u) + χ(u)
)
= (p− 1)(p− 2)2 + (p− 1)(p− 3)2 + (p− 1)(p− 3)(p− 4)2
= (p− 1)(p3 − 9p2 + 30p− 35).
Note also that
∑
χ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=2
(
(ua− 1)(ua− 1)
p
)∣∣∣∣∣
2
= (p− 1)
(
TL(p)− 2
(
2 +
(−1
p
))
+ (p− 2)
)
,
which is proved in the proof of Corollary 4.5. Finally, we have
∑
χ mod p
∑
ψ mod p
∣∣∣∣∣
p−1∑
u=1
χ(u)
p−1∑
a=1
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
∣∣∣∣∣
2
= (p− 1)
∑
ψ mod p
p−1∑
u=1
p−1∑
a=1
p−1∑
b=1
(
ψ(ua− 1)ψ(ua− 1)ψ2(a− 1)
× ψ(ub− 1)ψ(ub− 1)ψ2(b − 1)
)
= (p− 1)2 T (p).
Altogether, we arrive at
∑
χ mod p
χ6=χ0
∑
ψ mod p
ψ 6=χ0,χL
∣∣∣∣∣∣
p−1∑
m=1
ψ(m)
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
2
∣∣∣∣∣∣
2
= p(p− 1)2 T (p)− p(p− 1)(p3 − 9p2 + 30p− 35)
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− p(p− 1)
(
TL(p)− 2
(
2 +
(−1
p
))
+ (p− 2)
)
− p(p3 − 3p2 − 4p− 12)
= −p(p4 − 9p3 + 37p2 − 76p+ 29) + 2p(p− 1)
(−1
p
)
− p(p− 1)TL(p) + p(p− 1)2 T (p).

Finally, according to (4.1) and (4.2), and with the help of Theorem 1.1 and
Corollaries 4.2, 4.5 and 4.6, it follows that
(p− 1)
∑
χ mod p
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
4
= (p− 1)(p4 − 7p3 + 17p2 − 5p− 25) + (6p2 − 31p+ 16)
+ (p3 − 2p2 − 4p− 4)− 2p(p− 1)
(−1
p
)
+ (p− 1)TL(p)
− p(p4 − 9p3 + 37p2 − 76p+ 29) + 2p(p− 1)
(−1
p
)
− p(p− 1)TL(p) + p(p− 1)2 T (p).
Hence
∑
χ mod p
p−1∑
m=1
∣∣∣∣∣
p−1∑
a=1
χ(ma+ na)e
(
ka
p
)∣∣∣∣∣
4
= (p− 1)
(
p2 − 10p+ 37 + p T (p)− TL(p)
)
.
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